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In this paper, we shall extend two fixed point theorems of F. E. Browder 
[4, Corollary to Theorem 11 and J. T. Markin [6, Theorem I]. 
1. NONEXPANSIVE MAPPINGS ON METRIC SPACES 
DEFINITION 1. Let X be a metric space and let ,f : X -+ X. Then 
(a) df is the function on X x X defined by 
d&y) = inf{d(f”(x),fn(y)) : n 3 11, X,Y Ex; 
(b) ,d is the function on X x X defined by 
,4x, 4 = 0, 
Ax, Y) = m=Mx~fW d(y~fbN~, if x #y. 
We remark that in the above definition, if f is nonexpansive on X 
(d( f (x), f (y)) < d(x, y) for x, y E X), then df is a pseudometric for X and f 
is a df isometry (d,( f (x), f (y)) = dr(x, y) for x, y E X). Observe also that ,d 
is always a pseudo metric for X. 
THEOREM 1. Let X be a complete metric space and let f : X -+ X. Suppose 
that: 
(a) The function F on X dejined by 
F(x) = 4x, f (x)), x E x, 
is lower semicontinuous; 
(b) inf{d(x, f (x)) : x E X} = 0; 
* This paper is based on the author’s doctral thesis at the University of Illinois 
(Urbana), written under the direction of Professor M. M. Day. 
142 
0 1972 by Academic Press, Inc. 
FIXED POINT THEOREMS FOR NONEXPANSIVE MAPPINGS 143 
(c) f is a uniformly continuous function of (X, rd) into (X, d). Then f has a 
unique fixed point. 
Proof. Let n > 1. Consider the set G, defined by 
G, = Ix E X : d(x, f (x)) < ;I . 
From (b), G, # 4. By (c), there is S, > 0 such that 
d(f(x),f(y)) < +- if ,4x, Y) -=c 8% . 
Take a positive integer k, such that l/k% < min(SJ2, l/n}. Then for any 
x, y in Gkn, d( f (x), f(y)) < l/n. Thus f(Glc ) and, therefore, cl f(Gk,) 
has diameter no greater than l/n. By Canto”r’s intersection criterion for 
completeness, &,, cl f (G,,) and therefore fin,, cl f (G,) is a singleton, 
say {x}. Thus, for each n > 1, there is a, in G, such that d(z, f (Q) < l/n. 
Since d(zn , f(zn)) < l/ n f or all n > 1, {zn} converges to z. F is a lower 
semicontinuous on X, so all Gn’s are closed. Thus, z belongs to each G, and 
is therefore a fixed point off. From (c), f can have atmost one fixed point. 
For a metric space (X, d), we shall use X, to denote the set 
{r : for any s > Y, d(x, y) E [r, s] for some x, y in X}. 
LEMMA 1. Let X be a metric space and let f : X+ X. Suppose that there 
exists #I : X, -+ [0, a) such that df < $J and 
sup inf (t -4(t)) > 0 for r E x, - (0). 
S>I E[Y,S] 
Then d?(x, y) = 0 for all x, y in X. Hence, inf{d(x, f (x)) : x E X} = 0. 
Proof. Suppose to the contrary that there exist x, y in X such that 
Y = inf(d( fn(x), f”(y)) : n >, I> > 0. 
By hypothesis, there exists s in (Y, cc) such that 
11) 
u = i&t - 4(t)) > 0. 
Let t E (0, s - Y). Then from (I), d(f”(x),f”(y)) < Y + t for some n 3 I. 
Since 4f”(~>,f”(r>) E k, 4 
d(4f”(x)~f”(~))) G 4f”(4>.f”(r)> - u- 
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It follows that 
4(x9 Y) = 4f”(4,f”(Y)) G bV(fW,f”(YN < r + t - u* 
Letting t --f O+, we have dr(x, y) < r - u, a contradiction. 
LEMMA 2. Let X be a metric space and let f : X---f X. Suppose that there 
is a function 4 of X, into [0, CO) such that 
inf(t - 4(t)) > 0, tar 
r E x, - (0) 
and f is 4 contractive on X, i.e., d( f (x), f (y)) < +(d(x, y)) for x, y E X. Then 
(a)-(c) in Theorem I are satisfied. 
Proof. It follows immediately from the hypothesis that f is nonexpansive 
on X and is therefore continuous on X. From Lemma 1, 
inf(d(x,f(x) : x E X} = 0. 
It is then sufficient to prove that f is a uniformly continuous function of 
(X, rd) into (X, d). Let x, y E X. Then 
4x, Y) d d(x,f(xN + d(f (x),f (y)) + d(f (y), Y) 
G 2,4x, Y) + W(x, Y)). 
(2) 
Let s(r) = inft&t - d(t)) for r E X, - (0). By hypothesis, s(r) > 0 for 
every r in X, - (0). From (2), d(x, y) 3 r > 0 implies 
4x, Y) < 24(x, Y) + 4x, Y) - s(r), 
i.e., s(r) < 24(x, y). So ,d(x, y) < s(r)/2 implies d(x, y) < r and therefore 
d(f(x),f(y)) < r. Hence f is a uniformly continuous function of (X, td) 
into (X, d). 
COROLLARY 1. Let X be a complete metric space and let f : X -+ X. Then 
under the hypothesis of Lemma 2, f has a unique fixed point. 
Proof. Apply Lemma 2 and Theorem 1. 
COROLLARY 2. Let Y be a complete metric space, let M be a nonempty 
bounded subset of Y, and let T be a function of M into itself. Suppose that there 
exists a nonnegative real-valued function 4 on [0, CD) which is increasing (or 
upper semicontinuous from the left) on (0, co), and satisfies 
(a) +!I is upper semicontinuous from the right; 
(b) $(t) < t for all t > 0 and #(O) = 0; 
(c) T is +contractive on M. 
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Then 
(i) T is uniformly continuous on M and hence can be extended uniquely to a 
continuous function f on the closure X of M into itself; 
(ii) there is a function 4 of [0, co) into itself such that 
get - m > 0 for r > 0 
and f is C# contractive on X. Hence f has a unique fixed point in X. 
Proof. Let a denote the diameter of M. Then a < co. We omit the simple 
case a = 0. Let (b be the function on [0, co) defined by 
b(t) = #(t), 
4(t) = $(a), 
if 
if 
t < a, 
t > a. 
Let r E (0, a): We shall merely prove that inf,>,(t - C(t)) > 0. Suppose not: 
Then there is a sequence {tn} in [r, co) such that 
ggtn - CW = 0. 
By (3) and (b) of Corollary we may assume that t, < a for all n > 1. By 
compactness of [r, a], we may, by taking a subsequence, assume that {tn} 
is a monotone sequence which converges to some point t, in [r, a]. If {tn} 
is decreasing, then by the upper semicontinuity of I/J and (3), t, - #(to) < 0, 
a contradiction. If {tn} is increasing, then by the hypothesis that # is increasing, 
#(to) 3 #(tn) for all n > 1. Letting n -+ CD, we obtain y5(to) > t, , a contra- 
diction. 
F. E. Browder [4, Corollary to Theorem l] shows in a different approach 
that f in Corollary 2 has a fixed point. 
COROLLARY 3. Let K be a nonempty bounded closed convex subset of a 
Banach space B and let f : K - K be nonexpansive. Suppose that f is a uniformly 
continuous function of (X, td) into (X, d). Then f has a unique fixed point. 
Proof. Let .a E K and t E (0, 1). Then the mapping ft defined by 
f&4 = (1 - t) z + ?m) for x E K 
maps K into K and d( ft(x),f( y)) < td(x, y) for x, y E K. By the Banach 
contraction mapping theorem, f t has a fixed point xt in K. Since K is bounded, 
{d(x, , f(xt))} converges to 0 when t tends to 1. So by Theorem 1, f has a 
unique fixed point. 
We remark that Theorem 2 in Ref. [I] is also a corollary of Theorem 1. 
409/37/I-10 
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2. POINT-TO-SET MAPPINGS 
We shall for simplicity identify a singleton with the point it contains. Let S 
be a nonempty bounded closed subset of a metric space (X, d). We shall use 
SC to denote the family of all nonempty closed subsets of S and use D to 
denote the Hausdorff metric for SC generated by d. The following result is 
motivated by Theorem 5 in Ref. [7]. 
LEMMA 3. Let X be a metric space and let f : X+ Xc. Suppose that there 
exists a function 4 of [0, 00) into itself such that: 
(a) sup inf (t -4(t)) > Ofor r > 0; 
s>r tG[r,s] 
(b) f is 4 contractive, i.e., D( f (x), f (y)) < +(d(x, y)) for x, y E X. Then. 
r = inf{d(x, f (x)) : x E X} = 0. 
Proof. Suppose to the contrary that r > 0. Then by (b), there exists s in 
(r, co) such that 
24 = inf{t - 4(t) : t E [r, s]} > 0. 
Let n > 1: Then there exists x, in X such that r, = d(xn , f (xn)) belongs to 
[r, s] and r > r, - l/n. Choose s, in (0, s - rJ such that s, < l/n. By 
definition of d, there exists yn in f (xJ such that 
4xn > m> < 4xn > f (xn)) + s, . (4) 
From (4), d(xn , yn) E [r, s] and so 
W&z , m)) < 4xn > m) - u. (5) 
By definition of D, d(yn , f(m)) < D( f (x,), f (yJ). So from (b) of Lemma 3, 
(5) and (4), we obtain 
Hence 
d(y, , f (m)) < r, + s, - u. 
a contradiction. 
r G jg{ 4m , f (m)) < r - u, 
LEMMA 4. Let K be a nonempty bounded closed convex subset of a Banach 
space B and let f : K + Kc be nonexpansive, i.e., 
D( f (x), f(y)) G d(x, y) for x, Y E K. 
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Then 
inf{d(x,f(x)) : X E K} = 0. (f-5) 
Proof. Let z E K, t E (0, 1). Define 
f t(x) = tz + (1 - t) f (4 for x E K. 
Then f t is a (1 - t)-contractive function of K into KC. By Lemma 3, 
d(x, , fi(xt)) < t for some xt in K. So 
4x, 2 tz+(l-t)y,)<t (7) 
for some yt in f (xi). By (7), 
d(x,>yt) <t+d@+U -t)rt,yt) 
and therefore 
4x, , f (xt)) < 4x, > YJ G t(l + W)). 
Letting t tend to 0, we obtain (6). 
From the above Lemma 4, one naturally asks for what kind of B and K, 
the function f in Lemma 4 has a fixed point, i.e., there exists x in K such that 
x Ef (x). J. T. Markin [6, Theorem I] shows that if f is a nonexpansive 
mapping of a Hilbert space H into a family of nonempty compact convex 
subsets of the unit ball in H, then f has a fixed point. We shall extend this 
result by modifying his proof with the duality mappings which are discussed 
in [2, 3, 51. 
DEFINITION 2. Let B be a Banach space and let 01 be a continuous strictly 
increasing function on [0, 03) such that 01(o) = 0 and a(t) tends to infinity 
when t tends to infinity. Then a function J of B into B* is a duality mapping 
of B (with respect to CC) if for any element u in B, 
and 
(u, 14 = II Ju II II u II , ((u, 14 = (14 (4) 
II Ju II = 411 uII>. 
DEFINITION 3. Let B be a Banach space, let J be a duality mapping of B. 
Let G be a function with its domain a nonempty subset in B and for each x in 
G’s domain, G(x) is a nonempty subset of B. Then G is weakly J monotone if
for any U, ZJ in G’s domain and any u in G(u), there exists v in G(v) such that 
(?I - v, J(u - v)) > 0. 
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LEMMA 5. Let B be a Banach space, let /be a duality mapping of B (with 
respect to a function a). Let f be a nonexpansive mapping of a subset of B to a 
family of‘ nonempty weakly compact subsets of B. Then I - f is weakly J mono- 
tone. 
Proof. Let u, v E domain f and let u E f (u). By weak compactness off(v), 
there exists @in f (v) such that d(i2, V) = d(u, f (v)). Write h = J(u - v). Then 
((u - u) - (v - IT), h) = (u - v, h) - (u - v, h) 
3ll~;lIl~-~/l-l/~1lll~--!i 
= a(l! u - v II) (Ii l.4 - 2.J I/ - Qf (U),f (v))) 3 0. 
Hence I - f is weakly monotone. 
DEFINITION 4. Let E be a linear space over the real or complex field and 
let K be a subset of E. A point x is a core point of K if for any z in E, there is 
t > 0 such that x + Y(Z - x) for all r E (0, t). The core of K is the set of all 
core points of K. 
Lemmas 6 and 7 are modified from Lemmas 1 and 2 in Ref. [6], respect- 
ively. We prove one and omit the other. 
LEMMA 6. Let B be a refZexive Banach space such that B* is strictly convex. 
Let K be a nonempty weakly compact convex subset of B. Let S be a subset of B 
which contains K and is equal to its core. Let G be a continuous function of S into 
(Kc, D) such that for any u in S, G(u) is closed and convex. For a given pair of 
v, ir in S, if there exists a duality mapping J of B with respect to a function 01 
such that for every u in S, there exists u in G(u) for which (U - v, J(u - v)) 3 0, 
then v E G(v). 
Proof. 
Case 1. 0 E K: Suppose to the contrary that v 6 G(v). Since G(v) is closed 
and convex, there exists w in B* such that 
(q a) < (T, a), x E G(v). (8) 
Since a(t) + co when t + co, there is r for which cz(r) = Ij ~11 . By the 
Hahn Banach theorem, there is w in B** such that 
(w,~)=rlI~lI, iI W /j = r. (9) 
Since B is reflexive, we may regard w an element of B. Since B* is strictly 
convex, there exists atmost one element Ed which satisfies (9). So w = J(w) 
and (8) becomes 
(a - z, J(w)) < 0 for x E G(v), WY 
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0 E Core S, so tw E S for some t > 0. Since B* is strictly convex, 
J(tw) = s](w) for some s > 0.’ 
Equation (10) is then still true if we replace w by tw. So we may assume 
that w E S. Consider 
v,=v--, 
n n > 1. 
Since core S = S, we may assume that v, E S for all n. Let n 3 1. By 
hypothesis, there exists 8, in G(vJ such that 
(@ - tTn ) J(v - v,)) > 0. (11) 
Since B* is strictly convex, /(w/n) = rJ(w) for some 7, > 0. So from (1 I), 
(e - % 1 J(w)) 3 0. (12) 
By weak compactness of K, we may assume that {Q} converges weakly to 
some x’ in K. So from (12), 
(8 - x’, J(w)) > 0. (13) 
By definition of D and weak compactness of G(vJs, there exists a sequence 
{z~} in G(v) such that 
4~ , %J < D(G(vn)> G(v)), n 3 1. (14) 
Since G(v) is weakly compact, we may assume that {TV} converges weakly to 
some ,+Y,, in G(v). Then, by (14), and the continuity of G, 
Hence x’ = z,, and x’ E G(v). Thus from (lo), 
(@ - x’, J(w)) < 0, 
which contradicts (13). 
Case 2. General case: Let x0 E K. Consider the sets S, = S - xU , 
K,, = K - x,, , the elements v,, = v - x,, , ~a = v - x0 , and the function 
Go on S, defined by 
G&x - x,,) = G(x) - x0 , x E s. 
By Case 1, v,, E Ga(v,), i.e., v E G(v). 
1 For w # 0, s can be determined by the fact that 6 is the unique solution of (9). 
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LEMMA 7. Let B be a reflexive Banach space with a strictly convex conjugate 
space B* and with a duality mapping which is continuous with respect to weak 
topologies. Let K be a nonempty weakly compact convex subset of B, let S be a 
subset of B which contains K and is equal to its core. Let G be a continuous 
weakly J-monotone mapping of S into (Kc, D) such that for every x in S, G(x) 
is compact convex. Then for every weakly closed subset KI of K, 
WJ = .,vK G(x) 
1 
is closed. 
Combining Lemmas 3-7, we obtain the following result: 
THEOREM 2. Let B be a reflexive Banach space with a strictly convex con- 
jugate space B* and with a duality mapping which is continuous with respect to 
the weak topologies. Let K be a nonempty weakly compact convex subset of B, 
let S be a subset of B which contains K and is equal to its core. Let f be a non- 
expansive mapping of S into a family of nonempty compact convex subsets of K. 
Then f has a fixed point. 
We remark [3, Section 41 that all lr,‘s, 1 <p < CO, and Hilbert spaces are 
reflexive; each has a strictly convex conjugate space and a duality mapping 
which is continuous with respect to the weak topologies. 
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